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ABSTRACT

Over-sampled digital-to-analog converters typically employ a
unit-element architecture to drive out the analog signal. Per-
formance can suffer from errors due to mismatch between unit
elements, leading to a sharp drop in the achievable signal-to-
noise ratio (SNR). Mismatch noise shaping is an established
technique for overcoming these limitations, but usually an-
chors the signal band to a fixed location. In order to extend
these advantages to tunable applications, this paper presents a
novel technique that allows the mismatch noise shaping trans-
fer function to have an adjustable center frequency.

Index Terms— DAC, Delta-Sigma, Mismatch, N-Path

1. INTRODUCTION

The concept of software-defined radio is now a reality as ra-
dio front-ends become more adept at managing multiple mod-
ulation standards and signal-bandwidths at various intermedi-
ate frequecies (IF). This has created the necessity to directly
synthesize the IF signal within the digital domain [1][2][3].
However, realizing these systems within the digital domain
requires a bandpass digital-to-analog converter (DAC) with a
fully programmable signal band location [4][5][6][7].

Bandpass Delta-Sigma (∆Σ) data converters are widely
used in applications where high linearity is required over
a narrow bandwidth [8][9]. The high signal-to-noise ratio
(SNR) is achieved at the expense of much higher quantiza-
tion noise out of band. This ’noise-shaped’ characteristic
directly follows the noise-transfer function (NTF) of the∆Σ
modulator itself.

The linearity of a multi-bit∆Σ DAC can be severely ham-
pered by DAC element mismatch error, which is an unavoid-
able side-effect of modern fabrication processes. As a result,
many attempts have been made to eliminate or alleviate this
nonlinearity in the DAC output, including trimming, calibra-
tion, digital correction, and mismatch shaping [8][9]. Of these
techniques, mismatch shaping offers the most promising re-
sults for achieving the highest levels of linearity over thesig-
nal band [8].

Most mismatch shaping techniques strive to re-arrange the
individual DAC unit-element controls in such a way that the
noise power within the signal band is suppressed while the
signal content is kept unchanged [8]. Unfortunately, most
mismatch shaping techniques employed thus far are effective
only over a fixed signal band location. Two exceptions to this
are the vector-quantization technique [10][11] and the tree-
based approach [12]. Each of these techniques requires rel-
atively complex hardware to add the capability to arbitrarily
tune the mismatch shaper center frequency in order to follow
the signal-band of a tunable∆Σ DAC output.

A detailed description of the proposed tunableN -path
technique is provided in Section 2. This is followed by imple-
mentation and simulation results in Section 3, and the paper
is concluded in Section 4.

2. TUNABLE N-PATH APPROACH

The N -path filter approach is a well-known technique for
replicating a given transfer function to multiple locations
around the unit circle in thez-plane. This has been used for
transposing a low-pass or high-pass mismatch shaping trans-
fer function to that of a bandpass function at a fixed location
[13][14].

The technique proposed in this paper relies on theN -path
transformz→zN to compress and replicate a protoype filter
H(z) a number of times (N ) around the unit circle in thez-
plane. Predominantly, the location of the signal-band is cen-
tered atFs/4 in order to simplify the necessary computation
involved in quadrature modulation and demodulation [1].

For example, this can be applied to a first-order mismatch
shaping prototype filter given by

H(z) = 1 − z−1 (1)

Applying the4-path transformz→z4 results in the aggregate
response

H(z) = 1 − z−4 (2)

with zeros located at

z = 1,±
Fs

4
,
Fs

2
. (3)



Fig. 1. N -path implementation

This particular mismatch shaping response is useful for sup-
pressing mismatch noise near any of the zero locations.

2.1. N-Path Realization

The N -path transformz→zN is realized by performing the
polyphase decomposition of the DAC input data streamX(z)

X(z) =

N−1∑

k=0

z−kPk(zN ) (4)

Each polyphase componentPk(z) encounters a prototype fil-
terH(z), identical to all polyphase paths, such that

Qk(z) = Pk(z)H(z) (5)

The filtered polyphase componentsQk(z) are then recom-
bined to form the output

Y (z) =

N−1∑

k=0

z−kQk(zN ) (6)

=

N−1∑

k=0

z−kPk(zN )H(zN) (7)

= X(z)H(zN). (8)

The result is that a higher-order transfer functionH(zN )
can be realized usingN copies of the lower-order function
H(z). The implementation of this structure is trivial once it
is viewed as a commutator model, as shown in Figure 1.

2.2. Variable N-Path

In order to enable suppression of mismatch noise at signal-
bands centered around arbitrary frequencies, the zeros of the
mismatch transfer function need to be adjustable. This reloca-
tion of the mismatch transfer function zeros can be achieved
by increasing the number of paths,N , such that more zeros
are available for mismatch noise suppression.

For example, in order to suppress mismatch noise at fre-
quencies that exactly bisect the zeros ofH(z) = 1 − z−4, it
is necessary to increase the number of paths fromN = 4 to
N = 8.
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Fig. 2. Frequency response at various tuning frequncies: the
solid line shows the modulator response, and the dashed line
shows the response of the N-path mismatch shaper

Thus, the number of paths,N , can be chosen such that the
resultant mismatch transfer function has a zero at or near the
desired signal-band frequency location.

Some examples are shown in Figure 2, where the fre-
quency response at various tuning frequncies is plotted along-
side the correspondingN -path mismatch shaper.

2.3. Minimizing Band Compression

The signal band center frequencyFc of a tunable bandpass
∆Σ modulator might take values of

Fc[k] =
k

OSR

Fs

2
, k = 0, 1, 2, .., OSR. (9)

whereFs andOSR are the sampling frequency and the over-
sampling ratio, respectively. Ideally, the correspondingN -
path setting should place an image of the prototype filter at
these center frequencies,Fc.

However, as is evident from the mismatch shaper re-
sponses shown in Figure 2, increasing the number of paths,



Fig. 3. 3-path zeros for (a) low-pass and (b) high-pass proto-
types

N , leads to compression of the effective band of suppression
around any given mismatch transfer function zero. This band
compression is directly proportional to the value ofN . For
this reason, it is beneficial to minimize the number of paths,
N .

Thus, the need to increase the tuning granularity of the
mismatch shaper transfer function needs to be balanced with
the desire to maintain an effective enough band of suppression
for the mismatch noise.

2.4. Protoype Mismatch Shapers

The band compression trade-off discussed in Section 2.3 can
be alleviated by simply choosing a suitable candidate proto-
type mismatch shaper.

For example, when the3-path transformz→z3 is applied
to a first-order high-pass prototypeHhp(z) = 1 − z−1, the
resulting zeros are located at

z = 1,−
1

2
±j

√
3

2
. (10)

However, if instead a low-pass prototypeHlp(z) = 1 + z−1

is used, then the resulting zeros are located at

z = −1,
1

2
±j

√
3

2
. (11)

Figure 3 shows a 3-path filter applied to (a) lowpass mismatch-
shaper prototype ofH(z) = 1 + z−1 and to (b) highpass
mismatch-shaper prototype ofH(z) = 1 − z−1.

Achieving a similar granularity with only a high-pass pro-
totype mismatch shaper would have required a maximum path
count of N = 6. Thus, for a given setting of the signal
band center frequency, the number of paths required can eas-
ily be halved by selecting the appropriate prototype mismatch
shaper.

2.5. Implementation

A mismatch shaper with programmable center frequencies
can trivially be implemented in hardware by realizing the

structure shown in Figure 1, but where the number of active
paths,N , can be adjusted.

Further, the prototype mismatch shaper can be chosen
from two simple first-order candidates:

Hhp(z) = 1 − z−1 (12)

Hlp(z) = 1 + z−1 (13)

Each setting of the signal-band center frequency can be
matched up with a tuning pair consisting of the number of
paths,N , and a binary index indicating the type of prototype
filter to be used. These collective settings can easily be placed
in a small lookup-table and referenced each time the desired
location of the signal band is updated.

The high-pass prototype mismatch shaper can easily
be realized by implementing the Data-Weighted Averaging
(DWA) algorithm [8]. The low-pass prototype can in turn be
implemented using the modified DWA algorithm described
in [15].

If desired, other prototype mismatch shapers can be used
in place of the simple first-order high-pass and low-pass pro-
totypes. However, their implementation complexity grows
significantly [8][9]. The first-order low-pass and first-order
high-pass DWA-based mismatch shapers are the simplest to
implement.

3. SIMULATION RESULTS

The tunableN -path mismatch shaper has been simulated with
DAC input data provided by a programmable6th-order band-
pass∆Σ modulator. The over-sampling ratio was set to64,
and the modulator drove a13-level unit-element DAC. The
maximum achievable SNR from the∆Σ modulator was about
85db over all tuning frequency settings.

The simulation was run with different levels of mismatch
error. The two first-order prototype mismatch shapers em-
ployed within the polyphase array were both derived from the
DWA algorithm to simplify the implementation.

Figure 4 shows the results of simulation using1% and
3% mismatch error. Each tuning frequency setting required a
different combination of the number of paths used, and pro-
totype mismatch shaper. Despite the relatively high OSR of
64, the maximum value ofN required over the entire tuning
range was limited to just16.

As shown in Figure 4, the maximum achievable SNR is
represented by the dashed line at the top. The solid line (with
the lowest SNR at each point) shows the result of1% and
3% mismatch error when no mismatch shaping is enabled.
The solid line with the asterisks shows the resulting SNR at
each signal-band setting, with the tunableN -path mismatch
shaper enabled. The improvement is fairly consistent across
the entire range of tuning frequencies.
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Fig. 4. SNR for mismatch error of 1% and 3%

4. CONCLUSION

A new technique for implementing a programmable mis-
match shaper has been presented. This technique is marked
by implementation simplicity and flexibility. Simulation re-
sults have shown the effectiveness of this approach.

Higher order prototype mismatch shapers can be used
within the tunableN -path structure in order to improve the
performance, albeit at the expense of significantly higher im-
plementation complexity. Higher-order functions might also
require multiple computational stages, adding to the over-
all latency and hence diminishing the value of using such a
mismatch-shaped DAC within the feedback loop of a∆Σ
analog-to-digital converter (ADC).
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